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This paper reports on some results concerning the properties of integral 
equations that govern the behavior of a large class of control systems or 
electrical networks containing linear time-invariant elements and an arbi- 
trary finite number of nonlinear time-varying elements. 

In particular, for networks containing linear time-invariant elements 
and an arbitrary finite number of positive-slope nonlinear resistors, it is 
proved, under reasonable conditions, that the response to a periodic excita- 
tion applied at t = is ultimately periodic with the same period as the 
excitation, regardless of the initial state of the network. 

I. NOTATION AND DKFINITIONS 

Let M denote an arbitrary matrix. We shall denote by M', M , and 
M~ l , respectively, the transpose, the complex-conjugate transpose, and 
the inverse of .1/. The positive square-root of the largest eigenvalue of 
M*M is denoted by A{M}, and l. v denotes the identity matrix of order 

N. 

The set of real, measurable N-vector- valued functions of the real 
variable / defined on (-*,«)[ [0, * )] is denoted by 3C N [3C*+], and 

£2* = lf\feK»,f_J'fdt < ■ 

£ 2tf+ = |/|/ £ 3C-v+,/ o ffdi < 
The norm of/ = (/, ,/ 2 , ■ ■ • ,/*)' £ £2* [£••*+] is denoted by 

11/11 [ II /IU; 

it is defined by 

2839 



2840 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1964 

11/ ii 2 = £/7* [n/i+ f - JT/7*] 

and the norm of a linear transformation T defined on £ 2N [£21*+] is 
denoted by || T || [ || T || + ]. 

Let y £ (0, * ) , and, if / e 3C N , let 



/„ = / for I < I £ y 
= for \t I > y; 



if / f JCat + , let 



A = / for te [0,2/] 

= for t > y. 

The sets & N and E> N+ are denned as follows 

8* = {/ I / e 3C N , f y £ £ 2A - for < y < 00 } 

8* + = {/ I / i- 3C N+ , /„ e £ 2N+ for < y < °o | . 

With (B the set of AT- vector- valued functions of I which have the prop- 
erty that each component is uniformly bounded on its domain of defi- 
nition, let 

iW = (B fl 3Civ, and £«,*+ = (B fl 3C N+ . 

Let T be a real positive constant and let 

3C* = if I / « 3C* , /(0 = /(< + 7 1 ) for all t, ] f'fdt< 00 1 . 

Throughout the paper, fc denotes a measurable, real N X N matrix- 
valued function of t defined on (— <»,<»), with elements {fc mn } such 
that 

f | *■»(*) |«B<« imp = 1,2, •••,#), 

and ^[/(Oidi with / f 3C N orfe 5C N+ , denotes the N vector 

(Uh(t)A,UHt)A, ■■■ ,MW)AY 

where \f/i(w,t),\l/ 2 (w,t), ••• ,\p N (w,t) are real-valued functions of the 
real variables w and £ for — <x> < w < 00 and — *> < t < 00 such that 
(*) there exist real numbers a and /3 with the property that 

„ g ».(«., t)-*.(.w.,l) („ = l,2,...,N) 

Wi — w 2 
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for all t e ( — «° , « ) and all real W\ and w 2 such that id ^ w 2 , and 

(n) ^ n [«K0,<] is a measurable function of t whenever w(t) is measura- 
ble (n = 1,2, ■•-,#). 

The symbol s denotes a scalar complex variable with <r = Rc[s] and 

oj = Im[s]. 

II. INTRODUCTION 

Equations of the form 

9(0 = /(0 + f JkO - r)^[/(r),r]dr, ^ « < » (1) 

Jo 

in which / c & N+ and j/ f £*>*+ , are frequently encountered in the study 
of physical systems containing linear time-invariant elements and an 
arbitrary finite number of time-varying nonlinear elements. Typically, 
/ represents the system response and g takes into account both the 
independent energy sources and the initial conditions at t = 0. For 
example, (1) governs the behavior of (a) an important type of control 
system containing linear time-invariant elements and an arbitrary finite 
number of memoryless time -varying nonlinear amplifiers, or (b) an im- 
portant type of electrical network containing linear time-invariant 
elements and an arbitrary finite number of time-varying nonlinear 
resistors. 

The related equation 



9 



(t) = f(t) 4- j_ k(t - T)+[f(T),T]dT, -oo < t < 



(2) 



is also often encountered. It arises when it is convenient for mathe- 
matical reasons to formulate a model of the system such that the re- 
sponse and excitation are defined for all /«■( — «,»). In (2), usually 
g c £«at and only solutions belonging to £»* are of interest. 

One of the classic problems in the analysis of nonlinear physical 
systems is the determination of the properties of the response of a sys- 
tem, governed by an equation of the form ( 1 ) , to a periodic input 
applied at / = 0. Usually, the functions \{/„(w,(), which enter into the 
definition of \p[- , •], are independent of /; g can be written as g = g { + g* 
in which g x e X k D £„„+ , g a £ £••*+ , and g 2 (t) -* as t -> « ; and (in 
accordance with the usual Volterra integral equation theory) it is known 
that there exists a solution/ c 8 ;V + . In a great many cases of engineering 
interest it is simply assumed that there exists a unique response and 
that it is ultimately periodic with the period of the input. This is a 
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central assumption associated, for example, with the well-known de- 
scribing-function technique for the approximate determination of the 
steady-state response of nonlinear systems. 

In connection with the actual determination of the steady-state 
response, two common engineering assumptions are (in effect) that 
there exists a unique element of £«, N H K N , f, that satisfies 



<h 



(0 = KO + f Ht - r)*tf(r)]dr, - °° < t < 

J — oo 



and that the solution of (1), with g = (ji + g 2 , approaches /(i) as 
t — » *> , the principal ideas evidently being that if the physical system is 
stable in some suitable sense, then the effect of the initial conditions at 
t = should eventually "die out," and, moreover, that the steady-state 
response of the system should be obtained "at once" if the periodic 
excitation is applied at "/ = — co ." 

The purpose of this paper is to report on some mathematical results 
concerning the properties of (1) and (2) that are pertinent, to a con- 
siderable extent, to engineering questions of the type discussed. In 
particular, as an application of our first theorem, we establish the 
mathematical validity of the engineering assumptions described above 
under what amount to reasonable conditions for the case in which 
k( • ) is the matrix- valued weighting function of a passive network and 
#[•,■] represents N positive-slope nonlinear resistors (see Theorem 3 
and associated remarks). 

Under similar conditions, it is proved that an equation of the type 
(2) possesses at most one £„ N solution. This type of result is of direct 
interest with regard to the qualitative nature of the solutions of (2), 
for if our conditions are met, and, as is often the case, (a) g in (2) is 
periodic with period T, (b) the \f/ n (w,t) are periodic in t with period T, 
and (c) / is an £«,* solution of (2), then [since f(t + T) is also a solu- 
tion of (2)] it is clear that/ must be periodic with period T. 

III. RESULTS 

Theorem 1, below, focuses attention on a relation between the solu- 
tions of (1) and (2). This theorem is later used in order to obtain 
conditions under which the solution of (1) approaches a periodic steady 
state as / — > oo , when g approaches a periodic steady state as / — > oc . 

Theorem 1: Let 

h(t) = fi(t) + f k(t - T)^[fi(r),T]dT, -oo < t < oo 

J — on 
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fo(0 = MO + I Ht - T)+[MT),r]dT, 

•'0 



< t < oo 



m w>/w'r/) hi e ffC, v , .A e K. N C\ 8 iV + , h £ 3Cv+ , and /a f 8*+ . Suppose that 
(ii) [ l:(t - r)yp[fM,T]dT E£ 2N + 

J— to 

anil that, with 

K(s) = f Ht)e-"dt far a ^ 0, 

(Hi) del [l, v + §(a + 0)A'u)] =* /or o- ^ 
(w) i(/3 - a) sup A|[l.v + |(a + ^)K(i<a)\~ l K(va)\ < 1. 

-»<U<M 

77u!« ( /'i - / 2 ) f £ 2 .v+ , and, wi7/t 

p, - *«/; A![l, v + |(a + ^)/v(^)r'( 

-eo<o)<oo 

pj = s?<p A{[1* + |(a + (3)K:(ta))]~ 1 K(ta))}, 

— 00<U<00 

ii /i -/iii+ ^ pi[i -- K/3 - «)p 2 r 

A, - b - I k(t - r)M(r),T)dT 
If, in addition to the hypotheses stated above, 

lh(t) ~ lh(t) - [ k(t - r)^/ 1 (r) J r]rfr^O 
as t — » oo , awr/ 

f |fcm„a) | 2 r/i < » (m,n = 1, 2, • • -, N) , 

Jo 

then [/,( - f 2 (t)] -> as t -» ». 

Our next result is concerned with the character of the change in the 
solution of ( 2 ) when g is altered by the addition of an element of £ iN . 

Theorem 2: Let 

ih(0 = J\U) + I Ht - r)^[/ 1 (r),Tk/r, - co < / < cc 

•' — X 

hit) = /,(«) + f Ht - r)^[Mr),r]dT, - *o < / < cc 



2844 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1964 



in which: hi , h 2 £ 5Cn ;/i,/if <£«>* ; and (hi — h 2 ) e £ 2S • Suppose that 
(i) 



/■OO I faO 2 /.0 I M 

/ / I k mn (x) I dx dt + / / | k mn (x) | dx 

Jn ill ' J— oo "— oo 



dt < oo, 



(m,n = 1,2, ••-,#) 



and that, with 



K(ia) = [ k(t)e~ io "dt, 

J— CO 



(ii) dct [l N + Ha + P)K(iu)] ^ 0/or a// w 
(m) l(/3 - «) «*p A{[1* + |(a + ^)K(?:a J )r'^(^)| < 1. 

— 00<U<00 

77?en (/i — / 2 ) f £ 2 ,v , awd, imft 

Pl = slip Aj [1a. + }(a + ^)A'(ia>)]~ 1 } 

-00<U<00 

P2 = swp Aiiu + i^+u^wr 1 ^)!, 

-00<U<00 

|| /l - /| || ^ Pl[l - 1(0 - «)P 2 ] _I || /*! " fe ||. 

Observe that Theorem 2 implies that if (i), (ii) and (m) are satisfied, 
then (2) possesses at most one £«, N solution. 

As indicated earlier, in many cases of engineering interest g, in (1), 
can be written as g = g x + g 2 , in which gri e 3Cjv D <£«,#+ , g 2 e £ 2N+ , 
and g 2 (t) — > as t — > °o . In such cases it is often of considerable import- 
ance to determine whether /(O approaches a steady-state response that 
is periodic with period T as t — * 00 . As a specific application of Theorem 
1, the following result is proved. 

Theorem 3: Let gi£K N C\ XW+ , g 2 £ £™+ , gi{t) — >Oast — » *> , \fs n (w,t) = 
^ n (w,t + T) /or aZZ w and t and n = 1, 2, ■ ■ ■ , N, and $[0,t] e 3C* . Let 
f e Sat + satisfy 

ffi (0 + Qt(t) = f(t) + I kit- t)+[j(t),t] dr, ^ /. < co . 

Suppose that 

»oo I i>oo 2 

(0 / / I k mn (x) \ dx dt < 00 (m, n = 1, 2, • • •, AT) 

Jo \ Jt 

(ii) f° I (1 + /)/c„„,U) | 2 <ft < 00 (m, n = 1, 2, • • •, N) 
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and that, with 

K(s) m [ k(t)e-"dt for a ^ 0, 

(tit) det [1, + |(« + j8)X(«)] ^ /or a ^ 
(w) i(/5 - a) swp A{[l w + *(« + /3)K(»«)r 1 K(iw)} < 1. 

7%6n /^ere e.ris/s a unique f £ K N such that 



O.(0 -/(«) + /" fc« - rH[f(r),r]dr, 

J — « 



— oo < t < oo . 



Moreover, j v £ MK , (f - f) £ £ 8 w+ , and 

[/(/) -/(/)] -*0 as *-» oo. 

With regard to the hypotheses of Theorems 1 and 3, it can be shown 
that* 

det [1, + £(« + P)K(s)] ^ for a ^ 
and 

|(0 - a) sup Aj[U + |(« + /3)K(^)]- , X(ta,)} < 1 

— eo<u<» 

provided that a ^ and [K(i<a) + /£(tw)*] is nonnegative definite for 
all co. For this reason our results are particularly relevant to the theory 
of passive nonlinear electrical networks. 

IV. PROOFS 

4.1 Proof of Theorem 1 

Let K denote the bounded linear mapping of £ 2N+ into itself defined 

by 

K/= [ kit - T)f{r)d T , fe£ M+ . 

Jo 

With y an arbitrary positive number, and / an arbitrary element of 
3C,v + , let P denote the mapping of 3C N + into itself defined by P/ = /„ , 
and let \pf denote the JV-vector-valued function of / with values 
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Then from 
hit) - hit) - f_ kit- r)d/i(T),r]dr 

= /i(0 - MO + f k(t - r) Wi(r),r] - MfM^dr, (3) 

^ « < co 
and the fact that 

P f k(t - r)(^[/ 1 (r),r] - ^(r),r])dr 

Jo 

= P f Hi - t)W»(t),t] - f[f2 V (r),T])dT, 
Jo 

we obtain 

K = P[I + §(« + /3)K](/ ltf - / 2 „) 

(4) 
+ PK{# ls - tffc - |( a 4- 0)(/„ - /*)] 

in which I denotes the identity operator on £on+ and 

r" 

hy = h„ - l hll - P j k(t - r)^[/i (r),r]rfr. 

In order to proceed we need the following result. 2 

Lemma 1: Let det [1 N + h(a + fi)K(s)] 7* for a ^ 0. 7%era 

[I + £(a + /3)K] possesses a bounded inverse on £ 2N+ , and 

|| [I 4- K« + /3)K]- ] || + ^ sup A[[l„ 4- |( a + fiKiico))- 1 } 

— 00<U<00 

II [I 4- }(a + /3)KJ _, K ||+ £ sup A{[U 4- *(« + /3)KMr'#(^) )• 

— oo<u<oo 

Furthermore, 

P[I + |(a + ^)K]-' = P[I 4- £(a + ^)K]-'P for all y > 0. 

Thus, since 

P[I + |(« + /3)K]-'P[I + }(a + 0)K](/i„ - /„) = /„ - /* , 
we obtain from (4) 

hy~ hu = P[I + i(a + 0)KT*. 

- P[I + }(a + ^)KT 1 PK{^ - #"„ - |(« + 0)(/„ " /%)}. 
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Using the fact that 

II #i* - *f» " l(« + 0U.Uy-f2y) || + ^ 1(0 - a) || / ly -/ 2v ||+ , 
it follows that 

||/l„ " hy || + ^ || P[I + hiot + j8)K]-\ 11 + 

4- }(0 - a) || P[I + }(a + /3)K]- , PK || + 

II f — f II 
II Jiy J2y 11 + 

g |I[I + K« + /S)K] _1 ||+ || A, ||+ 

+ |(/3- a) l|[I + |(a + /3)K]" l K || + 

11 <• r 11 

II J lu hy ||+ • 

Using the inequalities of the lemma, 

||/i„ - /* ||+ ^ pill - J(/3 - a)p 2 ] _1 || /t, || + 
^ Pill " *(P - a) P2 }- 1 



(5) 



&i - A2 - f *(* - r)^f/i(r),r]rfT 

J — en 



for a£/ // > 0. Therefore, (/1 — ,f 2 ) f £»jv+ and || .A — / 2 ||+ possesses the 
upper hound stated in the theorem. 
We now show that (/1 — / 2 ) f £•>*+ , 

hi(t) - h 2 (t) - J k(t - tM/i(t) ,r]dT -> as < -> <» , (6) 



and 



/ I ft mn (0 I 2 rf« < 00 (?n, n = 1,2, ■■■, N) 



(7) 



imply that (/,(*) - /,(/)] -» as / -» x . 

Assume that (/1 — )'■>) e £uf+ and that (6) and (7) hold. Then, from 
( 3 ) it is evident that [/i( / ) — J z (t)] -* as t — * 00 if 

/ Hi - t)Wi(t),t] - *lf>(T),T])ch -> as t -» co . (8) 

To prove that (8) is satisfied, observe first that (/1 — / 2 ) e £ 2 a-+ implies 
that (\J/f\ — \J/f-<) e £->\+ . Thus it suffices to show that if g £ £ 2JV + , then 



/ k(t - T)g{r)dT -> as t 
Jo 
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Let 

G(ia) = U.m. / g(t)e~ iot dt, ge£, 2N+ . 

Jo 

Then, in view of assumption (7), the modulus of any element of the 
AT-vector K(ua)G(iot) is integrable on the w-set (— cc , co ), and hence 
by the Riemann-Lebesgue lemma 



1 r°° 

— / K(io})G(i(j>)e l0)i d(t), 



% 
which is equal to 

\ k(t - T)g{r)dr, 
•'o 

approaches zero as / — » °o. This completes the proof of Theorem 1. 

4.2 Proof of Theorem 2 

In this section, K denotes the bounded linear mapping of £, iN into 
itself defined by 

Kf = f k{t - r)f(r)dr, f £ £ 2N . 

With y an arbitrary positive number and / an arbitrary element of 
3C N , P denotes the mapping of 3C N into itself defined by P/ = /„ , and 
]f/f denotes the A/-vector-valued function of t with values 

4>[f(t),t] for -oo < t < oo. 

From the fact that 

hit) - hit) =/i(<) -f 2 (t) 

4- / kit - r)(^(r),f] - tf/ a (r),r])dr, 

we obtain 

K = fly ~ hv + K(^/i„ - #») 

(10) 
= [I + hia + /3)K](/ ltf - /») 

+ K{^i„ - «f % - |(a + 0)(/ l8 - /„,)}, (11) 

in which I denotes the identity operator on £ 2N , and 
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K(t) = h ly (t) - MO + \_ Ht ~ r)(^[/i tf (r),r] - ^hM^dr 

- p/ k(t - r)WiW,T] - ti/f(r),r])<ir. 

At this point we need f 

Lemma 2: If det [\ N + \{a + j9)/C(i'w)] 5^ for all w, Men 

[I + i(« + /3)K] 
possesses a bounded inverse on £o N , and 
|| [I + |(a + (3)K] _I || ^ sup A{[l w + |(a + /J)X(tw)]" 1 } 

— 00<U<00 

|| [I 4- |(a + /3)K]~'K || ^ sup A{[1* + |(a + p)K(iu)r l K(iw)). 
Thus from (11), 

fly ~ hv 

= -[I + |(a + ^jKf'Kl^ - tff 2B - |(« + /5)(/iy -/»)) 

+ [1 + Ka + 0)1T"V 
Using the fact that 

II Ma - +hv - i(« + (8)(/i„ - A.) || ^ 103 - «) H/u, - /„ ||, 

we have 

Wfiy-hu II ^ K/3 " a) !! [I + l(« + ^)Kj-'K || ■ || /«,-/* || 

+ !l [i + H« + W II • II Ml- 

In view of the inequalities of the lemma, 

Wfiv - hv II ^ Pi[l " *(fl - «)<*]"' II *■ II- d 2 ) 

Assume now that there exists a constant c such that || h v II ^ c for all 
y > 0. Then, from (12), it is clear that (/i - / 2 ) e £ 2N . This implies 
that (4/fi - <£/ 2 ) £ £->n . Hence, (9) can be written as 

h - ih = j\ -HW, - # 8 ), 

from which it follows, by essentially the same argument as that used to 
obtain (12) from (10), that 

t With no more than a reinterpretation of the functions involved, the proofs of 
the inequalities of Lemma 1 suffice to establish the inequalities of Lemma 2. 
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II /i - /« || £ Pi[l - l(/3 - a)p 2 J -1 || h - h 2 ||. 
Therefore to complete the proof of Theorem 2, it suffices to prove 

Lemma 3: If (hi — h 2 ) e £ 2JV , f\ , ./*2 c £»^ , and assumption (i) of The- 
orem 2 is satisfied, then there exists a constant c such that || h y || ^ cfor all 

y>0. 

4.2.1 Proof of Lemma 3 

Let q = (g, , g 2 , • • • , q N )' = (tff, - ^/ 2 ), 

0(0 = 1 for | * | £ j/ 

= for \t\ > y, 



and 



w = frfa.iii, •••,«»)' - ( k(t - t)[0(t) - e(t)]q(r)dr. 

•'—00 



Then, since ( hi — h-> ) e £ 2N , it is sufficient to prove that there exists a 
constant c x such that || u || ^ C\ for all y > 0. Further, since 

ll«lf = £ f K(0 r* 

= E f IE /" *«.« - r)[0(r) - *(0]g»(r)dT ' 

m=l •>— oo | n— 1 •'— oo 

^NZZ rip k mn (t ~ r)[6(r) - e(t)]q H (r)d 

m.1 „_i .'_» .'_oo 



fit 



(It 



^vNJLf: r\f° | fc mn (< - r) | • | d(r) - 0(0 I dr 

m _l „_1 •'-oo J-oo 



dt. 



in which 



?? = max sup | q„(t) | 2 , 

n { 

it suffices to show that there exists a constant c 2 such that for all y > 



f [ \k„nU ~ r) |.|«(r) - 0(0 



dr 



(It. ^ C 2 



(m,n = 1,2, •••,#). 



Using the fact that 
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f | fc».(r) I I 6(t - r) - 0(0 | dr 

J— CO 

= f I A-,„n(r) | dr + ( " | A-„,„(r) | dr for | / | ^ 7/ 

pt+U 

| ^(r) | dr for \t | > ?/, 

it is a simple matter to verify that 

[ " I ( | fc™(* - r) | | 6(r) - d(t) \dr\ dt 

J— 00 J— 00 ! 

/•2tf I r=o 2 rO I ,x 

^ 2 / / | fc^r) | dr dx + 2 / / I /c mn (r) | d 



+ 



A»,n(r) I dr d.C 



X—-U 
x+'ly 



k H , n (T) | dr 



d.r, 



from which it is evident that our assumptions imply that there exists 
a c-2 with the required property. This proves the lemma and completes 
the proof of Theorem 2. 

Remark: 

Assumption (i) of Theorem 2 is satisfied if 

[ | tk„,„(t) I dt < * , (n, m = 1, 2, • • •, AO, 

for then the (bounded) functions 

/ \k mn (x)\dx and / \k mn (x)\dx 

J l J— co 

are integrable on (0, x ) and ( - »,0), respectively. 

4.3 Proof of Theorem 3 

We need two lemmas. 
Lemma 4: Let \f/[- , •] satisfy the conditions of Theorem 3, g\ £ 3Z N , and 



K(ico) = [ Ht)e~ iut dl. 



< 1. 
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Suppose that, with 91 the set of integers, 

(t) det ll N + H« + fi)K (^)l * /or n e 91 

(u) *<* - a) sup A {[l„ + *(a + fl* (*p)J* X (*») 

TTien £/iere crisis a unique f e K N such that 

ffi(0 = /(/) + f fcft - r)^[/(r),rjrfr, -go < t < oo . 

■*— oo 



Proof o/ Lemma 4-' 

Theorem 4 of Ref. 1 and the remarks relating to its proof imply 
that the conclusion of Lemma 4 is valid if the hypotheses of the lemma 
are satisfied and the condition 



sup A 



1„ + |(a + t»K (*2)j 



< OO 



(13) 



is met. However, since every element of K(i2irn/T) approaches zero 
as | n | — > oo, assumption (i) of Lemma 1 implies that 



inf 

n c 31 



det 



1* + | (a + P)K 



i2irn 
~T 



> 0. 



Therefore, in view of the fact that the elements of K{i2im/T) are 
uniformly bounded for n e "3L, it follows that (13) is satisfied. This 
proves the lemma. 

Lemma 5: Let x//[ • , • ] satisfy the conditions of Theorem 3, let f e 3Z N , and 
suppose that assumption (ii) of Theorem 3 is satisfied. Then 

f k{t - t)$[}(t) ,T]dr £iW. 

•J— GO 

Proof of Lemma 5: 

Letg(0 = $lf(t),t], and 

u = (ui,U2, • • -,u N )' = I k(t — T)q(r)dT. 

J— QO 

Then q c W N , and 
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v . i 
I M»(0 I ^ E / \k».n(t ~ t) \-\q n (r) \dr 

»l = l J-ao 

^ E ri^»(r)|-|g»«-r)|dr. 

»i=l JO 

Furthermore, 

I f"|*«(r)| \q n (t -t) \dr 

| Jo 



[(l + T)/,-„. n (r)]7/r 



and the last integral can be hounded as follows 



1 + r 



/r> I -4- t m_n 



3»U - t) 



(ft 



1 + T 
( 1 S^H f T \q n (t)\ 2 dt. 



1 + r 



Thus, the u,„(t) are uniformly bounded on (—00,00), which proves the 
lemma. 

Theorem 3 follows at once from Lemmas 4 and 5, Theorem 1, and 
the fact that assumption ( i ) of Theorem 3 and / e £ M ,v imply that 

f_ k(t - T)i\f{T),T}dre£,.y + . 
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